By generalizing the extension of the continuous theorem of Ge and Ren and constructing suitable Banach spaces and operators, we investigate the existence of solutions for p-Laplacian boundary value problems at resonance. An example is given to illustrate our results. MSC: 34B15
Introduction
In this paper, we will study the boundary value problem ⎧ ⎨ ⎩ (ϕ p (u )) (t) = f (t, u(t), u (t), u (t)), A boundary value problem is said to be a resonance one if the corresponding homogeneous boundary value problem has a non-trivial solution. Mawhin's continuous theorem [] is an effective tool to solve this kind of problems when the differential operator is linear, see [-] and references cited therein. But it does not work for nonlinear cases such as boundary value problems with a p-Laplacian, which attracted the attention of mathematicians in recent years [-]. Ge and Ren extended Mawhin's continuous theorem [] and many authors used their results to solve boundary value problems with a p-Laplacian, see [, ] . In this new theorem, two projectors P and Q must be constructed. But it is difficult to give the projector Q in many boundary value problems with a p-Laplacian. In this paper, we generalize the extension of the continuous theorem and show that the p-Laplacian problem is solvable when Q is not a projector. And we will use this new theorem to discuss problems (.) and (.), respectively.
In this paper, we will always suppose that ©2014 Jiang; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.boundaryvalueproblems.com/content/2014/1/36
Preliminaries
Definition . [] Let X and Y be two Banach spaces with norms
where dom M denote the domain of the operator M.
Let X  = Ker M and X  be the complement space of X  in X, then X = X  ⊕ X  . Let P : X → X  be a projector and ⊂ X an open and bounded set with the origin θ ∈ . 
where
, there is only one constant c ∈ R such that Ty = c with |c| ≤ y ∞ and that T : For
This is a contradiction. On the other hand, if c  -
This is a contradiction, too. So, we have min t∈ [,] 
Lemma . M is a quasi-linear operator.
Proof It is easy to see that
By a simple calculation, we get u ∈ X ∩ dom M and
By the continuity of T, we find that Im M ⊂ Y is closed. So, M is quasi-linear. The proof is completed.
Lemma . T(c) = c, T(y + c) = T(y) + c, T(cy)
Proof The proof is simple. Therefore, we omit it.
Take a projector P : X → X  and an operator Q : Y → Y  as follows:
By the continuity and boundedness of T, we can easily see that Q is continuous and bounded in Y . It follows from Lemma . that
Define an operator R :
where Ker M ⊕ X  = X. By (H  ) and the Arzela-Asscoli theorem, we can easily see that Proof It is clear that
The proof is completed.
Theorem . Assume that the following conditions hold.
(H  ) There exists a nonnegative constant K such that one of () and () holds:
Then boundary value problem (.) has at least one solution.
In order to prove Theorem ., we show two lemmas.
Lemma . Suppose (H  ) and (H  ) hold. Then the set
is bounded in X. http://www.boundaryvalueproblems.com/content/2014/1/36
It follows from Mu = N λ u, (H  ), and (.) that
If  < p ≤ , by Lemma ., we get
If p > , by Lemma ., we get
,
These, together with (.), mean that  is bounded in X.
is bounded in X, where N = N  .
Proof For u ∈  , we have u = bt and Tf (t, bt, b, ) = . By (H  ), we get |b| ≤ K . So,  is bounded. The proof is completed.
Proof of Theorem . Let = {u ∈ X | u < r}, where r is large enough such that K < r < +∞ and ⊃  . http://www.boundaryvalueproblems.com/content/2014/1/36
By Lemmas . and ., we know Mu
For u ∈ Ker M ∩ ∂ , we have u = bt = . Thus
By the homotopy of degree, we get
By Theorem ., we can see that Mu = Nu has at least one solution in . The proof is completed.
Example Let us consider the following boundary value problem at resonance:
By a simple calculation, we find that the conditions (H  )-(H  ) hold. By Theorem ., we obtain the result that problem (.) has at least one solution.
The existence of a solution for problem (1.2)
with norm (y  , y  , y  ) = max{ y  ∞ , y  ∞ , y  ∞ }, where y ∞ = max t∈ [,] |y(t)|. We know that (X, · ) and (Y , · ) are Banach spaces.
where .
Lemma . M is a quasi-linear operator.
Proof It is easy to get
). On the other hand, if
By simple calculation, we get u ∈ X ∩ dom M and Mu = (y, c  , c  )
By the continuity of T i , i = , , we see that Im M ⊂ Y is closed. So, M is quasi-linear. The proof is completed.
By the continuity and boundedness of T i , i = , , we can easily see that Q is continuous and bounded in Y . It follows from Lemma . that
where Ker M ⊕ X  = X. By (H  ) and the Arzela-Asscoli theorem, we can easily see that 
i.e. Definition .(c) holds. For u ∈ , we have
Theorem . Assume that the following conditions hold:
(H  ) There exist nonnegative constants K  , K  such that one of () and () holds:
and
Then boundary value problem (.) has at least one solution.
In order to prove Theorem ., we show two lemmas.
Lemma . Suppose (H  )-(H  ) hold. Then the set
is bounded in X.
It follows from Mu = N λ u, (H  ), and (.) that
These, together with (.), mean that  is bounded in X.
Proof For u ∈  , we have u = a + bt and Q(Nu) = . By (H  ), we see that there exists a constant
Proof of Theorem . Let = {u ∈ X | u < r}, where r is large enough such that K  + K  < r < +∞ and ⊃  ∪  . By Lemmas . and ., we know Mu = N λ u, u ∈ dom M ∩ ∂ and QNu = , u ∈ Ker M ∩ ∂ .
Let 
